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ABSTRACT. Following Roberts' work in the case of orthogonal-symplectic similitude 
dual pairs, we study the local theta correspondence for unitary similitude dual pairs 
over a p-adic field with p ^ 2. 

1. Introduction 

The local theta correspondence has been well studied for isometry groups. Mean- 
while the theta correspondence for similitude groups is also important and use- 
ful. Roberts [||] (and others) studied the local theta correspondence (over a non- 
archimedean local field) in the orthogonal-symplectic case. In this short note, under 
the assumption that the skew hermitian space is split, we show that the method in 
[[I is also valid for the unitary case. We remark that part of our results may be 
known to experts (for example, see some works of M. Harris). Since we could not 
find a literature for the statements and proofs of these results, we insist to write this 
note. 

In Section |[ we recall some notations and definitions that will be used later. In 
Section [| we study the problem of splitting metaplectic covers of unitary similitude 
dual pairs. We show in Proposition [l] that this is not always available contrary to the 
isometry case. We also show that the preimage of the similitude dual pairs in the 
metaplectic cover are not always commute (cf. Proposition ||). In Section 0, we study 
the Howe duality for the similitude groups. The main result is Theorem flf. 

2. Notations and assumptions 

Let F be a p-adic field (i.e. a finite extension field of Q p ), and E be a quadratic 
extension field of F. Let eeif be the quadratic character of F x associated to E by 
the local class field theory. Denote by i « i the non-trivial Galois automorphism 
of G&KE/F). Choose an element S e E* such that 8 = -8. Then A := S 2 e F* and 
£eif(x) = (x, A)p , where ( , )p is the Hilbert symbol for F. We write Ne/f for the norm 
map from E* to F* . Fix a non- trivial additive character y/ : F -» C x , and denote 

v = lv- 

Let (W, { ,)) (resp. (V,( , ))) be a non-degenerate skew hermitian (resp. hermitian) 
space over E with dim^ W = n (resp. dim^ V - m). Let 

H = GU(W) -{he GL E (W) \ (xh,yh) = v(h)(x,y), V x,y e W] 

and 

G = GU(V) = { g e GL E (V) | igx,gy) = v(g){x,y), V x,y e V} 

be the corresponding unitary similitude groups, where v : H —- F x and v : G —* F x 
are the scale maps. Denote Hi = U(W) and G\ = U(V), which are the kernels of v. 
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We will always make the following assumption: W is split. In other words, there 
is a complete polarization W = X + Y, where X and Y are maximal isotropic sub- 
spaces of W. 

Attached to (V, W), there is a symplectic space WW = V ®e W over F, equipped with 
the symplectic form 

«,» = ^TW((, )®<7>). 

There is a natural embedding 

cGxH- GSp(W), (v ® w)i(g,h) = (g^v ® w/i), 

where GSp(W) is the symplectic similitude group attached to W (note that we write 
the action of GSp(WW) or Sp(WW) on right). 

Let Mp(W) be the metaplectic cover of Sp(W), which is a non-trivial C 1 -central 
extension of Sp(W). For the fixed additive character y/, let a>y, be the smooth Weil 
representation of Mp(W). 

For convenience, we recall some notations used for the (strong) Howe duality (cf. 
[§]). Let A and B be two groups of td-type with countable bases, and (p,S) be a 
smooth representation of A xB. For a group J of td-type with countable bases, denote 
by Irr( J) the set of equivalence classes of irreducible admissible representations of 
J. For n e Irr(A), put S(n) = -S/ri/eHom A (p,7r)Ker(/'). It is a smooth representation of 
A xB, and there exists a smooth representation Q(n) of B, unique up to isomorphism, 
such that S(n) ^n® (cf. [0|). Denote by 52(A) the set of equivalence classes of 
n e Irr(A) such that S(n) ^ 0, and denote 52(B) analogously. We say that strong Howe 
duality holds for p if for every n e <3?(A) the representation @(n) has a unique nonzero 
irreducible quotient 6(n), and analogous statement holds for every r e S/l{B). We say 
that Howe duality holds for p if the set {(ti,t) e <3?(A) x 52(B) : Hom^ x s(p,7r ® t) ^ 0} 
is the graph of a bijection between 52(A) and 52(B). It is known that strong Howe 
duality implies Howe duality. 

3. The splitting 

Notice that we assume W is split with dim^ W = n — 2r, that is there is a complete 
polarization W -X + Y . Let X = V ®e X and Y = V ®e Y . Then X + Y is a complete 
polarization of WW. If necessary we write the elements of H or GSp(WW) as matrices 
with respect to these polarizations. 

Let GMp(W) be the metaplectic cover of GSp(WW) (cf. [|lp), which is an extension of 
GSp(WW) byC 1 : 

1 — C 1 — GMp(WW) GSp(WW) — 1. 
Then GMp(WW) = GSp(WW) x C 1 as sets, and the group law can be written as 

(g,z)-(g',z') = (gg',C(g,g'W), 

where g,g' e GSp(WW), z,z' e C 1 , and C : GSp(WW)xGSp(WW) - C 1 is the cocycle function. 
The cocycle C can be computed explicitly as follows (cf. Section 1.2 of [|l|]). There is 
an action of ^ x on Sp(W) defined by s y = d(y)~ 1 sd(y), where s e Sp(WW), y e F x and 

d(y) = f 1 ™" ° ). For g e GSp(WW), denote g x = d(v{g)Y 1 g e Sp(WW). Then we 

V y-lmn) 

have 

(3.1) C(g,g') = CY(g v 1 (g '\g' 1 Mv(g'),gi), 
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where cvigug^) = 7f(t/°L(Y, Y^" 1 , Ygi)), and /u :F X x Sp(W) — C 1 is the functions 
defined by 

(3.2) fi(y,s) = (x(s),y) F YF(y,r]y (s) . 

For convenience we recall some of the notations appeared above. For the triple of 
Lagrangians (Y, Ygj -1 , Ygi), L(Y, Y^ - , Ygi) is its Leray invariant (which is a qua- 
dratic space over F). For a quadratic space q over P and an additive character 77, 
Tf(t? q) is the Weil index associated to q and rj. For y eF x , jF(y,T)) is defined to be 
refrpgV where 3"?^) : = l^*)- Let {ei,...,e m „} c X and {ej,...,e^„} c Y be a symplec- 
tic basis of W, so that (e;,e,> = (e*,e*> = and (e;,e*> = 5;;. Let Py be the parabolic 
subgroup of Sp(W) stabilizing Y. Then 

mn 

Sp(W)=UPyT;Py, 

where t, is defined to be 

ej-T/ = -e-, and e* i -T J = e i , if z e 

(3.3) , . 
ei-Tj-ei, and e i -Xj-e i , otherwise, 

and To := id. Thus for s = p\ijP2 e Sp(W) with pi,p2 ePy, define x(s) := det(pip2ly) 
in F*/F x2 and j(s) := 7. 

Now we study the preimages pr _1 (G) and pr _1 (H) in GMp(W). For this, we need 
some preparations. Choose a basis {e\,...,e r } c X and {e\,...,e*} c y of W, so that 
(ei,ej) = (e*,e*> = and (e;,e*> = Let Py be the parabolic subgroup of H sta- 
bilizing y. Then we have Bruhat decomposition Hi = \J r i=0 PY r jPy, where tj is 
defined in the same way as (3.3). For h - p\ijp2 e Hi with pi,p2 e Py, define 
x(/i) := det(pip2|y) in E x /Ne/f(E x ) and j(/i) := j. Recall that, fixing a character 
X ■ E x C x such that x\f x = c e/f' there is a splitting homomorphism (cf. Section 3 
of®) 

Ty a : #1 — - Mp(W) a Sp(W) x C 1 , h ~7 v , x (h) = (ivW,p V , x W), 
where /3y^(/i) = x(x(h))jp(r] o RV)'-'^ and RV is the underlying 2m dimensional F 
vector space with quadratic form ^Tr E / F ( , ). Recall that we have the relation: 

(3.4) c Y (tv(h),iv(ti)) = pv, x (h)- 1 Pv,x(ti)- 1 Pv,x(hti), h,h'eHi. 
Meanwhile, there is a natural splitting 

T w : Gi — Mp(W) a Sp(W) x C 1 , g~ (i w (g), 1). 
Similarly as GSp(W), for y e F x and heH\, define 

d(y) = ( 1 () r ^j, and h y =d(y)- 1 hd(y)EH 1 . 

For h £ H, denote hi = d(v(/i)) _1 /i £ Hi. The following lemma will be used in the 
proof of Proposition |l]. It can be checked by linear algebra, and we omit the proof. 

Lemma 1. For h e Hi and y e F x , we have 

(1) x(h y )=x{h)y m and j(h y ) = j(h); 

(2) xUv(h)) = N E/F (x(h)) m ■ (-A) m W and j(i v (h)) = 2mj(h). 

Proposition 1. As an extension ofH, pr _1 (H) is trivial if m is even. As an extension 
of G, pr _1 (G) is trivial. 
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Proof. For h e H, it is easy to see that iy(/i)i = ty(/ii) and v(h) = v{iy{h)). For e 
H, by (0 and we have 

C(iv(h),i v (h')) = c Y (tv(/ii) v(/l ' ) ,(y(/i' 1 ))-|u(v(/i'),(y(/ii)) 

= c Y ( t y(^ (/l ' ) ),ty(A' 1 ))-ju(v(/i'),ty(/n)) 

= p v Jh\ (h 'Y 1 l3 ViX (h[)- 1 l3 v Jh\ (h ' ) h f 1 )-ii(v(h f ),iv(hi)). 

Since 

fef\;=d(v(/i'))" 1 (fM/!)r 1 M(v(/ l '))-(i(v(/!')r 1 /j , = (M')i, 

we have /3y, I (/i^' ) /i' 1 ) = /3y jX ((M')i). On the other hand, by and Lemma g,we 
have 

Hiv{h'),l V ihl)) = (x((y(/li)),v(/ l '))FrF(v(/l'),7?y' (lv(?ll)) 

= (N £/F (x(/ ll )),v(/ l '))^(-A,v(/ l '))7 (/il) r F(v(/ l '),r?) 2m ^ l) 
= (N £/F W/^ 1 )),v(/ l '))^(-A,v(/ l '))^ (/^l) (-l,v(/ l '))^' (/!l, 
= (N £/F (x(/ii)),v(/i'))^(A,v(/ l '))^ (/ll) , 

and 

= xWh 1 )) rF (T)oRV)-X hl) ■e^ 1 \v(h')) 

Thus we have 
It follows that 

Therefore pr _1 (7?) is a trivial C 1 -extension if m is even. 

For g £ G, it is easy to see that vbw(g)) - v(g) -1 and xdw(g)i) = Ne/f (detg) r . For 
g,g' e G, we have 

C(t w (gW(g')) = c Y (iw(^)i <s) 

= /Itv^'j-Stwtg)!) = (v(g')- 1 ,NB/ / r(det^) r ) J? 

= (v(g),v(g'))™ r , 

since iw(g)i £ and Ns/j?(detg) = v(g) m . Then the conclusion follows from the 
relation 

(v(g),v(g')) = rFMg),vy 1 TF(v(g'),riy 1 j F (v(gg'),r]). 

□ 

Proposition 2. pr _1 (//) and pr _1 (G) commute in GMp(W) if and only if m is even. 

Proof. For g e G and heH, if pr(g) = g and pr(/i) = h, we can write # = bw(g),z) and 
= (jy(/i),z')- It is easy to see that the commutator of g and h is 

j_ _ C(i w (g),iy(h)) 
C(i v (h),iw(g)Y 
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Then we have 

C(i w (g),iv(h)) = CY(iw(g)l {h) ,tv(himv(h),iw(gW 
= Q* E /F(detig))Mh)) r F 
= (v(g),v(h))% r , 

and 

CUv(h),iw(g)) = CYdv(hi) v(g) ,iw(g')i)/i(v(g)" 1 ,iv(/ii)) 
= ^i(v(g)~ l ,i v {h\)) 

= (N £/F (x(/ ll )),v(^)- 1 )^(A,vte)- 1 )7 (/ll) . 
Hence pr _1 C£0 and pr _1 (G) commute in GMp(W) if and only if m is even. □ 

4. Howe duality 

Let ct) v be the smooth Weil representation of Mp(W). Using the fixed splitting 
homomorphisms as in the previous section, we have the Weil representation a)y iX of 
GixHi. We simply denote id for a> v or ftty^. Let Q = ind™^™^ be the compactly 
induced representation, and recall that there is an one extra variable Schrodinger 
model J^(X x F x ) of Q (cf. Section 1.3 of [Q]). If m = dim^ V is even, by Proposition [l] 
and Proposition ||, Q can be viewed as a representation of G x H . However, when m 
is odd, the above method of constructing representation is not valid. For general m, 
we have the following construction (cf. Section 3 of Q). 

Let 

R - { (g,h) eG*H \ v(g) = v(h)} 

be a subgroup of G x H and also a subgroup of Sp(W). We can extend the Weil repre- 
sentation ci>\q iX h 1 to R, and still denote it by u>. Let 

H + = {heH\ v(h)ev(G)}. 

Then H + = H when m is even; [H : H + ] = 2 when m is odd. Let 

H + =indg xH+ w 

be the compactly induced representation, which is a smooth representation of G*H + . 

Remark 1. If m is even, we thus have two representations Q + and flo/ G*H. How- 
ever it can be shown that Q + = O, by the same arguments of Proposition 3.5 o/"[0]. 

By such a construction, we can consider the (strong) Howe duality for the repre- 
sentation H + of G x H + . 

Theorem 1. If p > 2, the strong Howe duality holds for Q + . 

Proof. If p > 2, Waldspurger [ ]lo[ ] proved that the strong Howe duality holds for 
^iGixi?!- The centers of G, H + are both isomorphic to E x , and there are isomor- 
phisms: 

G/£ x Gi =tR/E x (G 1 xH 1 )^H + /E x H 1 , 

where we use E x to denote the centers of G and H + , and embed E x into R diagonally 
(then E x lies in the center of R). Notice that the cardinality of the above quotient 
groups is no more than 2. Thus, for n e lrr(H + ), we have either 711^ po being 
irreducible or ti\h 1 - Pi®P2 where p/ e IrrCfZi) are pairwise inequivalent. Then it 
can be checked that the arguments in Section 4 and 5 of [^1 can also be applied to our 
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situation, and the conclusion follows. More precisely, for n e lrr(H + ), if jiIhj -@Pi 
so that pi e Irr(ffi), then 0(n) = ©0(p;) where 0(pi) e Irr(Gi). □ 

Remark 2. If W is arbitrary (i.e. not necessary split), we can define R,H + ,G + and 
n + =ind^ +xH ' co in the same way. Applying the above arguments again and noting 
the key relation G + IE X G\ - RIE X (G\ x Hi) = H + /E x Hi, we can show that if p > 2 
then the (strong) Howe duality holds for Q. + . 

As in the Section 6 of when m is odd, we can also consider the (strong) Howe 
duality for the compactly induced representation 

Q = indg xH w. 

As same as the orthogonal-symplectic case, the (strong) Howe duality for D. is equiv- 
alent to the theta dichotomy for unitary isometry dual pairs. We explain this phe- 
nomenon briefly. Up to isometry, there are two different hermitian spaces over E of 
dimension m > 1: V~ defined by e(V-) = e#/f ((-1) 2 detV~) = ±1. To avoid con- 
fusion, we write 5?(£Zi, V 1 ) to emphasize its dependence on V ± . Applying the same 
arguments of Lemma 6.1 of we have the following principle for the (strong) Howe 
duality for O. 

Proposition 3. Assume p > 2. Then the (strong) Howe duality holds for Q if and 
only ifmH 1 ,V + )nmH 1 ,V-)^0. 

Remark 3. It is conjectured in ^ that for m<n, 3%(Hi,V + )n3l(Hi,V~) = 0, which 
is called theta dichotomy. Theta dichotomy has been proved (cf. Theorem 2.1.7 of^) 
under the assumption of the so called "weak conservation relation". Recently, Sun and 
Zhu (cf. [||L) has proved the so called "conservation relation" for orthogonal-symplectic 
dual pair. The same proof works for unitary dual pairs. In summary, theta dichotomy 
has been proved. It is also known that for m > 2n, 3%(Hi,V + )n &(Hi,V~) ^ 0. Thus 
the Howe duality does not hold for Q when m > 2n. 
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